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RadfordMathematics.com AA HL / Calculus practice

Kinematics & substitution

IB Mathematics: Analysis and Approaches HL

Changing variables in motion problems and integrals

Learning goal Choose a useful variable, set up the correct integral and interpret the result.

Syllabus link SL 5.9 (kinematics), SL 5.10-5.11 (substitution and definite integrals); AHL
5.16 (further substitution), with AHL 5.18 separation of variables.

Structure Two supplied questions; 16 further questions; worked methods and detailed
solutions.

Technology Work analytically. A calculator is optional for checking decimal values and
graphs.

Instructions. Show the substitution and the transformed differential. Give exact answers unless
otherwise stated. Use radians. Include units in motion problems. Work on separate paper.

60-minute route (-8 min: variable choice below; 8-28 min: Q1-2; 28-40 min: SL method and Q7,
Q11; 40-55 min: HL method and Q13, Q16; 55-60 min: recap. If SL substitution needs more time,
use Q8-10 instead of the HL pair. Remaining questions provide follow-up practice.

Quick contents: motion methods p. 1; kinematics questions p. 2; SL substitution p.3; HL substitution
p. 4; substitution practice pp.5-6; solutions from p. 7.

1 Motion: identify the independent variable

With displacement s in metres and time ¢ in seconds,

Cdt’ Codt
If velocity is given as v(s), use the chain rule:
dvds dv

CL:&E—’UE.

This identity is derived from the definitions; dv/ds alone is not acceleration.

Given Wanted Useful relationship
-52 1
v =1uv(s) Time between positions At = ——ds
v(s)
s1
U1 v
a=a(v) Displacement As = / o) dv
o
v=1uv(t) Displacement / distance /v(t) dt /|v(t)|dt

The first two forms follow by separating variables, on intervals where the indicated divisions are valid. A zero of v
requires a check: it may be a turning point or only a momentary rest.
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2 Kinematics questions

1. Supplied question 1: velocity as a function of displacement. A particle moves along a straight
line. When its displacement from a fixed point O is s metres, its velocity is v(s) = 1/s metres per second.

(a) Find its acceleration when s = 2.
(b) Find the time taken to move from s =2 to s = 4.

Here the stated positions are interpreted as positive displacements.

2. Supplied question 2: acceleration as a function of velocity. A particle moves along a straight
line with acceleration a = —(1 4 v), where v is its velocity. Initially v = 1ms~!. Find its displacement
from its starting point when it first comes to rest. Use SI units throughout.

3. Choose the derivative. Find the acceleration at the stated instant or position. Explain why the two
answers differ.

(a) v(t) =3t2+2, at t = 2.
(b) v(s) =3s*+2, at s = 2.

4. Sister question to Q1. A particle has velocity v(s) = 4/s, for s > 0.
(a) Find its acceleration when s = 2.

(b) Find the time taken to move from s = 2 to s = 6.

(c) Take t =0 when s = 2. Find s(t) for ¢ > 0.

5. Sister question to Q2. A particle has acceleration a = —(2 + v) and initial velocity 4ms~*.

(a) Find the displacement up to its first rest.
(b) Find the time taken to first come to rest.

¢) Explain why the distance travelled equals the displacement over this interval.

6. Displacement is not always distance. A particle has velocity v(t) = t?> — 4t + 3 for 0 <t < 4, and
s(0) = 0.

(a) Find the times at which it is at rest, and determine the direction of motion on each intervening
interval.

(b) Find its displacement and total distance travelled from ¢t = 0 to t = 4.

(c) State when its speed is increasing, for 0 < t < 4.

Before integrating: write down the variable you are integrating with respect to. A formula
containing s or v cannot simply be integrated as though that variable were t.
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3 SL substitution: undoing the chain rule

The idea. Differentiating F(g(x)) gives F'(g(z))g’(x). In an integral, look for an inner expression and its
derivative, possibly multiplied by a constant.

Method 1. Choose u = g(z). 2. Find du = ¢/(z)dz. 3. Rewrite the whole integral using v and
du. 4. Integrate. 5. Substitute back, or evaluate using transformed limits. 6. Differentiate to
check an indefinite answer.

Worked example A — matching a derivative up to a constant
Find /63:(:52 +4)3 dz.

Choose u = 2% 4+ 4. Then du = 2zdz, so 6zdz = 3du.

St 44t 4O

/6x(x2+4)3dx:3/u3du:zu4+C:

Check: 3 -4(z%+4)% - 2z = 62(2? + 4)3.
Worked example B — a logarithm

Find / 2z dx.
245

Let u = 22 + 5, so du = 2zdx. Therefore

2 1
/ﬁ;dx:/udu:ln|u|+02 In(2? +5) +C |

Here 22 +5 > 0. In general, retain absolute-value signs for In |u.

Worked example C — definite limits must change too

V3 T
Evaluate / ——dx.
0 241

Let u = x? + 1, giving adx = %du.

r=0=u=1, r=V3=>u=4

V3 & 1 —1/2 4
dac:i w2 du = [Vulf =[1]
0

2 +1 1

Two valid routes: change the limits and stay in u; or find the antiderivative, return to z, then use
the original limits. Never use x-limits with a u-antiderivative.

Other inner functions to recognise

Integral pattern Try Differential
f ze® dx u =z du = 2zdx
[sinzcostz dx u=cosr du= —sinxdx
[(3z —2)5dz u=3x—2 du=3dz
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4 HL substitution: rewrite every remaining factor

At HL, the derivative may not already be present. The substitution must also allow you to rewrite
remaining factors of 2 and any square roots.

Syllabus guidance. For AHL 5.16, examination papers provide a substitution when the integral
is not of the SL form [ kg'(z)f(g(x))dz. Practise following the given substitution accurately; the
examples below show why it helps.

Worked example D — a leftover factor of =
Find /x\/a: +2dx using u =z + 2.

Then z = v — 2 and dx = du. All three pieces must change:

/a:\/x+2dm:/(u—?)ul/Qdu:/(u3/2—2u1/2)du.

%(g; +2)5/2 _ %(x L2 0| (@ —2).

Worked example E — remove a square root

1
Find/1+\/§dm using = = u?, u > 0.

Then /= = v and dx = 2udu. Hence

1 2u 1
/1+\/5 v /1+u b /( 1+u> Y

2vx —2In(1+x) +C (z > 0).

Why the differential matters: dx becomes 2udu, not du.

Worked example F — trigonometric substitution
Find / V9 —22dx using z = 3siné.

For —3 < = < 3, choose —7/2 < § < w/2, so cosf > 0. Then

dx = 3 cos6d0, \/9—x2:3\/1—sin20:300s0.

/\/9—$2dx—9/cos29d9—g/(l—i-cos?Q)dQ—gﬁ—i-isin%—i—(}’.

Since 0 = arcsin(z/3) and sin 26 = 2(x/3)(vV9 — 22/3),

2\/9 — 2+ garcsin<§> + C|.

Sign check: Vcos? 0 = |cosf|. The chosen interval is what permits us to replace this by cos 6.
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5 SL substitution practice

For Q7-12, choose your own substitution. Show the transformed integral. All indefinite answers require

+C.
7. Find / 6x(z* + 1) da.

3 2
8. Find / o dx. State where your answer applies.
23 + 4

9. Find / 2z¢” dz. Check your answer by differentiation.
10. Find / sin z cos® z dz. Explain the origin of the negative sign in your answer.
1
11. Evaluate / xV 22 + 3dx. Write down the new lower and upper limits explicitly.
0

12. Find each integral, including the constant factor arising from the substitution.

(a) /cos(3x +1)da.

Self-check before moving to HL

1. Can you identify both the inner function and its derivative?
2. Have you accounted for any missing numerical factor or minus sign?
3. Does your transformed integral contain only v and du?

4. Have you returned to z, or used the correct u-limits?

Connection to kinematics. In Q2 the change from time to velocity uses ds = (v/a)dv. This is the same
central idea: change the variable and the differential together.
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6 HL substitution and connected practice

Use the substitution stated in each question. For indefinite integrals, give an answer in terms of z.

13. Using u=x+1, ﬁnd/x\/x—i—ldx, for x > —1.

1
14. Using x = u?, where u > 0, find / dz, for z > 0.
& vzl + v7)
1,3
15. Using u = 1 + 22, evaluate / ————dz. Hint: write 23dx = 2?(xdx).
0o V1+a?

1
16. Using « = 2sin 8, evaluate / V4 — x2dx. State the new limits and explain the sign of cosf on the
0

interval used.

1
17. Usi = 3tand, with —7w/2 < 0 2, find [ ———dx.
sing anf, wi /2 <6 <m/2, fin /x2+9 x

18. Bring the topics together. A particle moves in the positive direction with v(s) = v/9 — s2, for
0<s5<3. Att=01t1is at s =0. Use SI units.

(a) Show that its acceleration is a = —s.
(b) Set up an integral for the time taken to reach s = 3/2.
(c) Evaluate this integral using s = 3sin 6.
(d) Find s(t) and state the time interval corresponding to 0 < s < 3.
Final checks. Time taken should be positive. Displacement may be positive, negative or zero. Total

distance is non-negative. If a particle changes direction, split the distance integral at each sign change
of velocity.
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Detailed solutions / Kinematics

1 Supplied question: v(s) =1/s

(a) Choose the correct derivative. Acceleration is dv/dt, but the given velocity is a function of s.

Use the chain rule:
B dv dovds dv

“Ta T dasdt 'ds
Since v = 57!, we have dv/ds = —s~2. Hence

1/ 1 1 1,
a = g (-g) = —8—3, a(2) = —ng b

Velocity is positive and acceleration negative, so the particle is slowing down.
(b) Obtain time from the velocity definition.

zgzl = dt = sds.
dt s

Take t =0 at s = 2, and let T be the elapsed time at s = 4:

v
T 4 214
/ dt:/ sds = T:[E] =8-2=[65s]
0 2 2

Why not f24 v(s)ds? The relation for displacement is ds = vdt. Here we want time, so we need

dt = ds/v.
Independent check. Integrating sds = dt gives s> = 2t + C. The initial condition gives C' = 4, so

s(t) = VA, ()= ﬁ

At t =6, s = 4, as required.

(6,4)

o 2

t (s)

The displacement increases while the gradient decreases: the particle continues forwards at a decreasing

speed.
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Detailed solutions / The second supplied question

2  Supplied question: a = —(1 + v)

Let sg be the starting displacement. We know v = 1 initially and v = 0 at first rest, so use velocity
as the integration variable.
Step 1: connect acceleration to displacement.

v

dv.
1-|—vv

a:v%:—(l—i—v) = ds=-—

This is valid on the motion before first rest; the integral extends continuously to v = 0.
Step 2: use the correct order of limits.

0 1
) v
As=s — 89 = — dv = dwv.
rest 0 A 1 - /0 1 -

The decreasing velocity makes the original limits run from 1 to 0; this cancels the negative sign.
Step 3: simplify the fraction before integrating.

v _(1+v)—1_1 1

1+v 14w 14+v

1 1 L
AS—/O (1_1-1-—11) dv=[v—In(l+v)jg={1—In2m]

Numerically, As = 0.307 m. Velocity remains positive before first rest, so the distance travelled is
also 1 — In 2 metres.

Explicit substitution version. In fol v/(1+v)dv, put u =14 wv,s0 v =u—1 and dv = du. The
limits become 1 and 2:

2

=1

As=/ “ du=[u—Inu}=1-1In2.
1 u

Alternative verification: solve for velocity as a function of time

v(t) t
/ de:—/ dr = ln<1+v):—t.
1 1+w 0 2

Thus v(t) = 2e~t — 1. First rest occurs when e~! = 1/2, giving ¢t = In 2.

In2
po= [t - nyar= et -2 = [T in2m]
0

Rest does not mean zero acceleration. At v =0, a = —1ms—2. If the model continues, the
particle reverses direction after this instant; it does not stay at rest.
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Detailed solutions /  Further kinematics

3 Same algebra, different independent variables
(a) Here v = v(t), so a = dv/dt = 6t. At t =2, .

(b) Here v = v(s), so a = vdv/ds = (352 4 2)(6s). At s = 2, v = 14 and dv/ds = 12, giving
|a = 168ms 2 | In (b), the derivative 6s is change in velocity per unit displacement; multiplying by
ds/dt = v converts it to change per unit time.

(a) a = vdv/ds = (4/s)(—4/s%) = —16/s>. Thus |a(2) = —2ms~2|
(b) Since dt = ds/v = (s/4)ds,

6 2
S s 36 —4
/2 1 [8] 5 s

(c) Integrate between the initial position and the current position:

s(¢) 2_ ¢y
t:/j %dw:ss = |s(t)=v8t+4dm, t>0]|
2

Choose the positive root because s > 0.

5 a=—(2+v)and v(0)=4

(a) Using a = vdwv/ds, we obtain

0 4
As:/— v dv:/ (1—L>dv.
4 2+U 0 2+’U

As=[v—2In(2+v)g=4—-2In6+2In2=|4—2In3 m|

(b) From a = dv/dt, dt = —dv/(2 + v):

0
1
T:/ o dv:[—ln(2+v)]2:ln6—ln2:.
4 v

(c) Before first rest, v decreases from 4 to 0 and stays positive. There is no reversal, so distance =
displacement = 4 — 21n 3 metres.
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Detailed solutions / Direction and distance

6 v(t)=t>—4t+3

(a) Factorise: v = (¢t — 1)(t — 3). The particle is at rest at . Velocity is positive on
0 <t <1, negative on 1 <t < 3, and positive on 3 < t < 4. It reverses at both zeros.
(b) An antiderivative is F(t) = t3/3 — 2t% + 3t. Thus

As:F(4)—F(0):%—32+12:

SIS
8

For distance, split at both sign changes and make each contribution positive:

1 3 4
D:/ vdt—/ vdt—i—/ vdt.
0 1 3

Since F(0) =0, F(1) = 4/3, F(3) = 0 and F(4) = 4/3,

4 4 4
D=-4+Z42_[4m|
37373 =

(c) Speed increases when v and a have the same sign. Here a = dv/dt = 2t — 4, which changes sign
at t = 2.

Interval |  (0,1) (1,2) (2,3) (3,4)
v + - — =+
a = = + +

Speed | decreasing increasing decreasing increasing

Therefore speed increases for ‘ l<t<2and3<t<4 ‘

3 v (ms~1)
2 4
1 4
| ()
1\/3 4
-1
(27_1)

Read the shaded regions: displacement counts the middle region negatively. Distance counts the
magnitude of all three regions. Here each region has area 4/3.
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Detailed solutions /  SL substitution

7-9 Powers, logarithms and exponentials

7. Let u =22+ 1, so du = 2zdz and 6zdz = 3du.

/6$($2+1)4dx:3/u4du: g($2+1)5+0.

8. Let u = x° + 4, so du = 3z2dx.

2
1
/?de:/—du: In|z® + 4|+ C|.
x° +4 u

This holds on any interval that does not contain 2 = —+/4; constants may differ on the two intervals

of the domain.
9. Let v = 22, so du = 2zdz.
/Qxesz:c = /e“du: &%’ +C|

Check: d(e*”)/dz = 2ze™".

10-12 Trigonometry, limits and linear inner functions

10. Let u = cosz, so du = — sin zdz.

1
/sinwcos3xd:v:—/u3du: —1005433—1—0.

The negative sign comes from differentiating cos x.
11. Let u = 22 + 3, giving zdx = %du. The limits are r =0=u=3and z =1 = u =4.

1 4 4
/ $\/x2+3dx:%/ u'/? du = [%ugﬂ] = M
0 g

3 3

12(a). Let wu =3z + 1, so dz = %du:

1
/cosudu = gsin(Bm—i— H+C|

Wl

/cos(3x +1)dz =

12(b). Let u = 2z — 5, so dz = 1du:

1 1 1 1 5
/21‘—5d$ 2/udu 21r1|;E 5|+ C|, x #
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Detailed solutions / HL algebraic substitutions

13 Rewrite the remaining x

Putu=2+41 Thenz=u—1, vz + 1 = «!/? and dz = du.
/x\/l‘+1d1‘:/(u—1)u1/2du
= /(u3/2—ul/2)du

2 2
= 5U5/2 — §u3/2 + C

Thus g(x +1)%/2 — ;(az +1)32 40|

Check: differentiating gives (z + 1)3/2 — (z 4+ 1)¥/2 = z/z + 1.

14 The differential cancels a radical

Put z = «?, with u > 0, so \/z = u and dz = 2udu.

1 2u 1

Therefore | 21In(1 + /) + C|, for z > 0.
Check: 2(1 + v/z)7t(2vz)~! = 1/[Vz(1 + V)]

15 Split the factor z*

Put w = 1+ 22. Then 22 = v — 1 and zdz = %du. The limits are v = 1 and u = 2.

1 3 2,
/ B Y Bl
0 ]_ + .’1,‘2 2 1 \/ﬂ
2
21
1 2
_ [_u3/2 _ UI/Z]
3 1

z(%ﬁ—\@)—(%—l): 2_3\/5.

The answer is positive, consistent with the non-negative integrand on [0, 1].
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Detailed solutions / HL trigonometric substitutions

16 A semicircle integral

Use = 2sin 6. The limits become x =0 =60 =0 and x = 1 = 6 = 7/6. On this interval cosf > 0,

SO
V4 —x2=2cos0, dx = 2 cos 6d6.
Therefore
1 /6
/ V4 —x2dz = 4/ cos? 0 do
0 0
/6
=2/ (14 cos20)do
0
= 20 + sin 207/ = g + ? :

17 Use 1+ tan?6 = sec?d
With z = 3tanf, we have

dz = 3sec? 0d, 22 +9 = 9(1 + tan? §) = 9sec? 4.

Thus

1 3sec?d 1 1 a3
——dz= [ ——df ==-0 = |- arctan( — L
/:c2+9 “ /95ec20 3 e 3 ¢ an<3>+C

The specified interval makes § = arctan(z/3) unambiguous.

What changed from SL to HL?
e In Q13, the substitution also rewrote a factor outside the square root.

e In Q14, the transformed differential supplied a factor that cancelled.

In Q15, 23dx had to be split into z?(xdz).

In Q16-17, an identity simplified the integral after substitution.

In every case, the basic rule remained the same: rewrite the entire integral consistently in the new
variable.

John Radford — Radford Mathematics Page 13 of 14



-l

v |
a RadfordMathematics.com AA HL / Calculus practice

Detailed solutions / Connecting both topics

18  wv(s) =v9—s?

(a) Acceleration. Since velocity is given in terms of displacement,

a=v, ds_2(9 s%) (—2s) =

Thusfor0§s<3.

(b) Time integral. From ds/dt = v, we get dt = ds/v. Hence

32 |
T:/ _ L g
0 9 — g2

(c) Substitution. Put s = 3sinf, so ds = 3cosfdf. The limits are 0 and 7/6. On this interval,

cosf > 0, so
/6 3cos @ T
T = dd =|— s|.
/0 3cosd 6 >

s
9 — g2

(d) Displacement as a function of time. Integrate to a general displacement s:

s 1 . /8
b= ——dw = arcsm(—) .
0 V9 — w? 3

Therefore | s(t) = 3sint m, 0 <t < 7/2|. On this interval cost > 0, so v(t) = 3cost = /9 — s(t)?
as required.

Domain matters. The given model specifies s < 3. The limiting position s = 3 is approached
as t — /2 from below. Do not extend the positive-square-root velocity formula past this interval
without a new analysis.

Closing checklist

Kinematics Is the input ¢, s or v? Do I need a = dv/dt or a = vdv/ds? Am I finding
displacement, distance or time?

Substitution Did I transform the differential? Have all old-variable factors disappeared? Are
the limits and signs correct? Can I check by differentiating?

Source and scope note. Syllabus references checked against the supplied Mathematics: analysis and approaches guide,
printed pp. 65 and 68. Questions 1-2 reproduce the mathematical content of the supplied image; Q3—18 are original practice
questions, not official IB examination questions. This resource focuses on the substitution component of AHL 5.16; integration

by parts is outside its scope.
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